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$\ldots$ $\mathrm{o}TN_{1},$ $TN_{2},$ $\ldots$
$\mathrm{o}A_{1}$ , A , . .. $\mathrm{o}TA_{1}$ , TA , . . .
$\mathrm{o}X_{1}$ , X , . . . $\circ TX_{1}$ .TX , . . ,
$\mathrm{S}$tatements
($N$ , $A,$ $B_{:}C,B_{i}(i=1_{\backslash }\underline{‘)},$ $\ldots)$ , Y. $Z$ .)
Sl) $N:=N11$ S2) $N:=N-\cdot 1$ S3) IF $N\neq 0$ GOTO $j$
S4) $A:=B+C$ S5) 1 $:=B-C$ S6) $A:=B\cdot C$
S7) $A:=B/C$ S8) $A:=B$ S9) $A:=a$ (a $\in \mathrm{R}|$)
S1O) $\mathrm{F}A\leq B$ GOTO $j$ Sll) $A:=Y[N]$ S12) $Y[N]:=A$
S13) $N:=$ size(Y) S14) $\mathrm{Y}:=\langle B_{1}, B_{2}, \ldots, B_{n}\rangle$ S15) $Y:=\langle\alpha_{1}, \alpha_{2}, . . . , \mathit{0}_{n}\rangle(\alpha_{\dot{\mathrm{s}}}\in \mathrm{R})$
S16) size(Y) $:=N$ S17) $Y:=Z$ S18) END
$\mathrm{g}\ovalbox{\tt\small REJECT}$ (B.S.S. recursive function, predicate, set)
$\mathrm{o}$ progranl B.S.S. recursive function
. B.S.S. recursive predicate B.S.S. recursive set rallge {0, 1} total B.S.S.
recursive function . (0 false. 1 true )
$\mathrm{o}$ $S$ $f$ B.S.S. $\mathrm{r}\mathrm{e}\mathrm{c}\iota \mathrm{l}\mathrm{r}\mathrm{s}\mathrm{i}\mathrm{v}\mathrm{e}$ in $S$ , statement
SO.1 IF $(x\in\overline{S})$ GOTO $j$ ( , 9 $S$ synlbol, $x$ $\hat{S}$ )
, . ( $S$ oracle




$1^{\mathrm{J}\mathrm{r}\mathrm{o}\mathrm{g}\mathrm{r}\mathrm{a}\mathrm{m}}$ coding $\langle e_{:},E\rangle(e\in\omega’\backslash E\in \mathcal{R}=\mathbb{R}^{<\omega})$
code . $\langle$$e_{:}E’)$ program index .
$\underline{\text{ }}\ovalbox{\tt\small REJECT}$ (Computation path)
$f$ B.S.S. recursive function in $S$ , index $\langle e,, E\rangle$ . $\langle\tilde{\iota\cdot}, \alphaarrow,\vec{X}\rangle$
, $\langle e, E\rangle$ .T- step ,
$p=\backslash ’n_{1\backslash }.n_{7}...n_{T}\ranglearrow’.\backslash$ $\langle e, E\rangle$ $\langle x^{d}., ?, X^{\prec}\rangle$ computation path .
1(B.S.S. $\mathrm{r}.\mathrm{e}$ . set)
$\Omega$ B.S.S. recursive fullc.tion in $S$ domain $\Omega$ B. .S.S. $\mathrm{r}.\mathrm{e}$ . set in $S$
.
$\mathrm{g}.\ovalbox{\tt\small REJECT}$ (basic semi algebraic set)
$\mathrm{o}$
$l\iota$ : $Xarrow \mathbb{R}(X=\mathrm{t}\iota^{\prime^{fl}}\mathrm{x}\mathbb{R}^{m}\cross \mathcal{R}^{t})$ $\omega$ $\mathbb{R}$ , $\mathcal{R}$ $\mathbb{R}^{d}$
, $h$ $\mathbb{R}^{n+m+dl}$ . $h:Xarrow R$
$h=\langle l\iota_{1}, l\iota_{arrow 9}, \ldots\rangle$ .
$\mathrm{o}X=\omega^{n}\cross$ Rm $\cross \mathcal{R}^{l}$ subset $X$ basic semi algebraic set ,
$h_{1}^{1}(.\cdot \mathrm{r}),$ $\ldots\backslash l\iota_{\tau\iota_{1}}^{1}$ (x) $h_{\tilde{1}}^{9}(x),$ $\ldots,$ $l\iota\ominus_{2}$ (x)
$x\in X.=$ $h_{1}^{1}(\mathrm{r})>0\ \cdots\ h_{r\iota_{1}}^{1}(x)>0$ & $l\mathrm{z}_{1}^{2}(x)\geq 0$ & $\cdots$ & $h_{2}^{\frac{9}{n}}.(\mathrm{a})\geq 0$
.
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8$\mathrm{o}S$ . $X=\omega^{n}\mathrm{x}\mathbb{R}^{?1}’\cross \mathcal{P}_{\mathrm{L}}^{l}$ subsct $X$ basic semi algeraic set in $S$ ,
$h_{1}^{1}$ (x), . .. , $l\iota_{n_{1}}^{1}$ (x), $h_{1}^{2}$ (x), . . ‘’ $f\iota_{n_{2}}^{2}$ (x), $h_{1}^{3}.(.\cdot \mathrm{r}),$ $\ldots,$ $l\iota_{n_{3}}^{3}$ (2’), $h_{1}^{4}$ (i1’), $\ldots,$ $f\iota \mathrm{J}_{4}$ (x)
$x\in X\Leftrightarrow$ $h_{1}^{1}(x)>0\$ $\cdot$ . . $\ l_{l_{n_{1}}}^{1}.(x)>0$ & $f\iota_{\tilde{1}}^{t)}(x)\geq 0\$ $\cdot$ . . $\ h_{\tilde{\tau\iota}_{2}}^{l}()x)\geq 0$
$\ h_{1}^{3}(x)\in S\ ’\cdots$ & $h_{713}^{3}(x)\in S$ & $h_{1}^{4}.(.\cdot \mathrm{r})\not\in S\$ $\cdot$ .. $\ ^{r}h_{n_{4}}^{- 1}(_{il^{*}})\not\in S$
.
$\mathrm{g}_{\wedge}\underline{\Phi}$ (Normal Form Theorem, Enumeration Tfieorc-m, etc.)
$\mathrm{o}$ $T_{n,m,\mathrm{t}(}^{\mathrm{S}^{\neg}}$. e, $E,$ $\alpha^{\prec}\backslash ,$ $\alpha$\prec , $X^{t},p$)
$\mathrm{r}_{\mathrm{c}\mathrm{o}\mathrm{d}\mathrm{e}}$
$\langle$e, $E\rangle$ (oracle $S$ ) program $\langle\tilde{x_{:}.}\alpha\sim|, X^{\prec}\rangle \text{ }$
c.omputation path $p$ . , B.S.S. recursive predicate
in $S$ .
$\mathrm{o}c_{n,m,t}^{S}$ : B.S.S. recursive predicate in $S$ $\mathfrak{c}\tau_{n’,,n’,l^{J}}$ : B.S.S. recursive function { , $f$ : $xarrow.\mathfrak{Y}$
$(X$. $=\omega n \mathrm{x}\mathbb{R}^{m}\cross \mathcal{R}’, \mathfrak{B}\sim=\omega^{n’}\mathrm{x}\mathbb{R}^{m’}\cross R^{l’})$ index $\langle e, E.\rangle$ B.S.S. recursive function in $S$
$f(_{l}^{\prec}.\cdot, \alpha^{\prec},)\prec)=\iota r_{n’.m’,l^{J}}(C_{n.m,l}^{\prime S}\langle e,$ $E,\dot{\alpha}^{\tau},.\tilde{\alpha.},$
$X^{\prec_{r}},$
$\mu$p[Tn, $m$ ,j $(\mathrm{e},$ E, .-i, $\mathrm{y},X^{p}$ , $p)$ ] $))$ .
. $\{\langle C^{\lrcorner}, E^{\mathrm{v}}\rangle\}^{S}$(l, $a_{\backslash }^{\prec}X$\prec ) .
$\mathrm{o}$ $\{\mathfrak{U}|T_{t\iota,m,l(\xi E}^{\gamma}.\backslash .\cdot,,\mathfrak{U},p)\}$
$\mathrm{I}_{\acute{p}}^{\langle e_{\backslash }}$
’
$E$ ) $,S$ . $\Omega$ B.S.S. $\mathrm{r}.\mathrm{e}$ . set in $S$ , $\langle e, E\rangle$
$\Omega=\cup" V_{p}^{\langle c,E\rangle.S}p\in|$
.
$\mathrm{o}1_{p}^{\langle e,E\rangle,S}.$’ basic. enli algebraic set in $S$ .
$\circ f=$ $\{(e, E\rangle\}^{S}$ . $p\in\omega$ $f$ $V_{P}^{\langle\epsilon,E\rangle}$ .S .
1 $A$(U) $X$ $\mathrm{p}\mathrm{r}\mathrm{e}\subset \mathrm{l}\mathrm{i}\mathrm{c}\mathrm{a}\mathrm{t}\mathrm{e}$ .
(1) $A$ (U) B.S.S. $\mathrm{r}.\mathrm{e}$ . in $S$ .
(2) $\langle$$e,$ $E)$ $A$(U) $\Leftrightarrow\exists p\in\omega T_{n,m_{:}l}^{\mathrm{S}}$ (e, $E,\mathfrak{U},p$)
(3) $A=\{\mathfrak{U}\in X|A(\mathfrak{U})\}$ $\langle e.E\rangle$ $A= \bigcup_{p\overline{\mathrm{c}}\omega}\mathrm{I}_{\acute{p}}^{(e,E\rangle.S}$’ .
(4) $R$ :B.S.S. recursive precficate in $S$ $A$ (U) $\Leftrightarrow\exists n\in\omega R(n., \mathfrak{U})$ .
(5) Il:B.S.S. recursive predicate in $S$ $A(\mathfrak{U})$ $arrow\exists \mathrm{c}\iota$. $\in \mathbb{R}$ $R($ \mbox{\boldmath $\alpha$}, $\mathfrak{U})$ .
(6) $R$ :B.S.S. recursive predicate in $S$ $A$ (U) $\Leftarrow\Rightarrow\exists X\in \mathcal{R}R$(X, $\mathfrak{U}$).
$\underline{\text{ }\ovalbox{\tt\small REJECT}}$
$\Omega$ $X-\Omega$ B.S.S. $\mathrm{r}.\mathrm{e}$ . set $\Omega$ B.S.S. recursive set .
52. B.S.S. Turing Degrees
$\mathrm{g}^{-}-\not\leqq$(B.S.S. uring degree)
$\mathrm{o}d4\subseteq \mathrm{X}$ $B\subseteq \mathfrak{Y}$‘ $f$ : $Xarrow\{0,1\}$ totml B.S.S. recursive function in $B$
$f(\mathfrak{U})=1\Leftrightarrow \mathfrak{U}\in A$
, $A$ $B$ , $A\leq_{T}^{ESS}B$
$\mathrm{o}A\leq_{T^{\mathrm{L}}}^{B\backslash ^{\backslash }S}B$ $B\leq_{T}^{ES}$S $A$ $A\equiv_{T}^{BSS}B$ .
$\leq_{T}^{BSS}B$ $B\not\leq_{T}^{BS}$S $A$ $A<_{T}^{ESS}B$ .
$\mathrm{o}A\subseteq X$ $B\subseteq \mathfrak{Y}$ $A\not\leq_{T^{\mathrm{b}^{\neg}}}^{ES}B$ $B\not\leq_{T}^{BSS}A$ $A$ $B$ B.S.S. Turing degree
.
$\Phi$ 2 $A,$ $B$ $\mathbb{R}^{n}$ sulxet . $B$ $\Delta_{\alpha}^{0}$ set $(\alpha$. $>1),$ $A\leq_{T}^{BSS}B$ $A$ $\Delta_{\alpha}^{0}$ set.
$\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT}^{58}B$ $f$ : $\mathbb{R}^{n}$ $arrow\{0,$ $\mathrm{i}$] $f\ovalbox{\tt\small REJECT}$ $\{($ $E\rangle\}^{3}$ $\mathrm{t}\mathrm{o}\ovalbox{\tt\small REJECT} \mathrm{a}\mathrm{l}$ B.S.S. recursive function in $B$ ,
$f$ (x) $\ovalbox{\tt\small REJECT} 1\Leftarrowarrow x\mathrm{C}A$ . $\mathbb{R}$ $\ovalbox{\tt\small REJECT}$ $\bigcup_{p;b^{\rangle}}\mathrm{I}\sqrt$’.E
$\rangle$ .B .
$p$ 14 basic senzi algebraic in $B$ ,
$h_{1}^{1}(x)>0$ & . . . $\ h_{n_{1}}^{1}(‘.\iota\cdot)>0$ & $h_{1}^{9}\sim(x)\geq 0\ \cdots\ /\iota_{n_{2}}^{2}(x)\geq 0$
$\ h_{1}^{3}(x)\in B\ \cdots$ & $h_{n_{3}}^{3}(x)\backslash \in B$ & $h_{1}^{4}\langle.\mathrm{x}’)\not\in B\ r\ldots\ l_{l_{n_{4}}}^{4}(x)\not\in B$
. $B$ $\Delta_{\alpha}^{0}$ $V_{p}^{\langle e,E\rangle,B}$ $\Delta_{2}^{0}l$ set .
$i\mathrm{l}\cdot\in A\Leftrightarrow\exists p$ [$f(x)=$ l&x $\in 1_{p}^{\prime\langle e,E\rangle,B}’$ ]
$x\not\in A\Leftrightarrow\exists$p[f$(x)=$ O&x $\in\sim r_{P}\langle c$.9$\rangle$ .B]
$f$
$1_{p}^{\gamma^{(e.E\rangle}}$
.B ,( ) $A$ $\Lambda^{c}$
$\Sigma_{\alpha}^{0}$ set , $A$ $\Delta_{\mathrm{Q}}^{0}$ . 1
$\Phi$ 3 $Q\subseteq \mathbb{R}$ , $C\subseteq \mathbb{R}$ nleasure 0 [ meager set] $C\not\leq_{T}^{BSS}Q$ .
.
. 3.1 $h:\mathbb{R}arrow \mathbb{R}$ , $Q$ $\{x\in \mathbb{R}|h(x.)\in Q\}$
.
$\Phi\ovalbox{\tt\small REJECT}$–3.2 $f$ : $\mathbb{R}arrow \mathbb{R}$ . $f=$ $\{(e, E\rangle\}^{E}$ total function range .







$\iota$ $\mathfrak{k}\mathrm{J}$ 1 2
$h_{1}^{1}(x)>0\$ $\cdot$ . . $\ l\iota_{\tau\iota_{1}}^{1}(x)>0$ & $h_{1}^{2}(x)\geq 0\$ $\cdot$ . . $\ h_{2}^{\frac{9}{n}}.(\prime \mathrm{J}^{\cdot})\geq 0$
$\ ^{\vee}h_{1}^{3}(.x)\in Q\$ $\cdot$ . . $\ h_{n_{3}}^{3}(x)\in Q$ & $h_{1}^{4}(x)\not\in Q\ \cdot$ . . . $\ h_{n_{4}}^{4}(x)\not\in Q$
, . $h_{i}^{3}(x)\in Q$ $x$
$h_{i}^{3}(x)\in Q$ . , $h_{\tilde{j}}^{9}(x.)\geq 0$
$h_{1}^{1}(\mathrm{J}^{\cdot})>\backslash 0$ &. .. $\ h_{??_{1}}^{1}.(x).>0$ & $h_{\tilde{1}}^{9}(x)>0\ \cdots\ h_{n_{2}}^{2}(x)>0$




. $V$’ $C$ measure 0[ meager set]
$\mathrm{t}^{r\prime}’-C\neq\emptyset$ . $\ddagger_{\mathrm{P}}^{I^{\langle e,E\rangle,Q}}\cap C\neq\emptyset,$ $\mathrm{I}_{p}^{\langle e,E\rangle,Q}’-\prime C\neq\emptyset$ $f$ (x) $\mathrm{t}_{p}^{\prime\langle e,E\rangle,Q}$’
. I
$C$ Cmtor set, $\mathbb{Q}$ $C$ $\mathbb{Q}$ B.S.S. Turing degree .
$\overline{\mathbb{Q}}=$ $\llcorner$ , $\mathcal{K}=\{\mathbb{Q}(\alpha)|a’\in\overline{\mathbb{Q}\prime}\}$ ( , $\mathbb{Q}$ ) .
$\mathrm{E}\underline{\Phi 4}\mathcal{K}$ $K$ $L$ , $K\subseteq L\Leftrightarrow K\leq \mathit{7}^{SS}L$ .
Partl: $K\subseteq L\Rightarrow K\leq_{T}^{BSS}L$ Part2: $K\leq_{T}^{BSS}L\Rightarrow K\subseteq L$ ,
$L=\mathbb{Q}$ [$\alpha_{1},$ $\alpha$2. . .. . $\alpha_{m},$ $\beta_{1}$ , . . .. . $\beta_{n}$ ] . (\mbox{\boldmath $\alpha$}1, $\alpha_{2},$ $\ldots$ , \mbox{\boldmath $\alpha$} ’ $\beta_{1}$ , , . . .. $\beta_{n}$
( $L$ oracle ) $\mathrm{p}\mathrm{r}\mathrm{o}\mathrm{g}\tau \mathrm{a}\mathrm{n}\mathrm{l}$ .
1ILr $\not\in L$ THEN output 0END
2 $x\in L$ $.\mathrm{r}=s+t_{1}\alpha_{1}+\cdots+l{}_{\mathrm{t}}C1_{m}+u_{1\mathit{1}}.\downarrow’\mathit{3}_{1}+\cdots+v_{n}’d_{n}$ $s.t_{1:}.\ldots,$ $t_{m}.’\cdot n_{1},$ $\ldots,$ $u_{71}$
3 IF $\mathrm{e}\iota_{1}=u_{1}=\cdots=n_{n}=0$ THEN output 1 ELSE output 0
4 END
-.1.1 $L\in \mathcal{K},$ $h$ (x) $r$ $h(\tau\cdot)\in L$ .
$h(x)$ $L$ .
$\ovalbox{\tt\small REJECT} \mathrm{E}^{\mathrm{B}}\underline{J\exists.\cdot}$
$ll(x\cdot)=f(x)/g(x),$ ( $f(.\iota\cdot)_{:}\prime c($x) ) $n=\deg(f)$ $\deg(g)$
$?l=0$ .




$4.\underline{9}$ $L\in \mathcal{K}\dot,$ $h(x.)$ . $\alpha\not\in L$ $q_{1},$ $q_{2}$ ,
$\exists^{\infty}r\in \mathbb{Q}[h(.|$ . $+q_{i}\alpha)\in L]$ $(i=1,2)$
, $h$ (x) .
$l_{1}$ ( $x\dashv- q$i\mbox{\boldmath $\alpha$}) ?. $L$ $L$
. $h(x)=l)_{\dot{2}}(x-q_{i}\alpha)_{\backslash }$ ($p_{i}($x) $L$ , $\cdot i=1,2$) . $p_{1}$ (x+ql\mbox{\boldmath $\alpha$})=p (x+q \mbox{\boldmath $\alpha$})
.$\mathrm{t}^{\backslash }$ $\mathrm{J}^{\cdot}-q_{1}a$ $p_{1}(\alpha|)=p_{2}(a|+q\alpha)(q=q\underline{r_{1}}-q_{1}\neq 0)$ .
$p_{1}$ (x) $l\iota.(_{i1}\cdot)$ .
$\backslash E)\}L$ , total,
$J\langle\epsilon,E\rangle.L$ .
$h_{1}^{1}(.r.)>0\ r\ldots\ h_{n_{1}}^{1}(x)>0$ & $l\iota$.7 $(x)\geq 0\ \cdots$ &$\cdot$ $h_{\tilde{n}_{2}}^{9}(\mathrm{z}\cdot)\geq 0$
&’ $h_{1}^{3}(x)\in L\ \cdots\ h_{n_{3}}^{3}(x.)\in r$, & $h_{1}^{4}(|x)\not\in L\ \cdots\ h_{n_{4}}^{4}(x)\not\in L$
, , $h_{i}^{3}(.\mathrm{r})\in L$ -r
$l_{1_{i}}^{3}.(x)\in L$ . $\mathfrak{k}’$
$h_{1}^{1}(.1^{\cdot})>0\ ’\cdots\ h_{n_{1}}^{1}(\tau)>0$ & $l\iota_{1}^{2}(x)>0\ \cdot\cdots$ & $h_{n_{2}}^{2}(.x\cdot)>0$
, $\mathrm{I}4^{\cdot}$ $h_{1}^{4}(.x)\not\in L\ ,$ . . $\ h_{n_{4}}^{4}.(.\mathrm{r})\not\in L$ : $1_{p}’\langle \mathrm{c},E\rangle,L$
$U\cap \mathrm{t}\mathrm{f}’$.t .
Claim $U\cap W\cap K\neq\emptyset$
$U\cap W\cap K$ , $x\in U\cap K\Rightarrow h_{1}^{4}.(x)\in L\vee\cdots\backslash /h_{l\mathit{1}4}^{4}(x)\in L$ . ,
$\alpha\in U\cap(K-L)$ $?:=r-\vdash q\alpha\in[)^{T}\cap K$ (r, $q\in \mathbb{Q}$) , $j$ $q_{1},$ $q_{2}(q_{1}\neq q_{2})$
$i=1,2$ hj40 $q_{i}\alpha$ ) $\in L$ $l’\in \mathbb{Q}$ 42
$l\iota_{\mathrm{j}}$.(x) .
$U\cap W\cap K\neq\emptyset$ [$\Gamma\cap \mathrm{V}\mathrm{t}^{r}\subseteq \mathrm{t}_{p}^{\Gamma}\langle_{C},E\rangle,L$ $\mathrm{t}_{\mathrm{p}}^{r^{\langle e,E\rangle.L}}\cap K\neq\emptyset$ , $\mathrm{L}_{p}^{\mathcal{F}\mathrm{t}c,E\rangle,L}.\cdot-K\neq\emptyset$ $f$ (.r)
$1_{\acute{p}}^{\langle_{-\prime}E\rangle.L}\prime\prime$ ( 32) . 1
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